In this paper we study the thermodynamics of rotating black hole solutions arising from fourdimensional gauged N = 2 supergravity. We analyze two different supergravity models, characterized by prepotentials F = −iX 0 X 1 and F = −2i X 0 (X 1 ) 3 . The black hole configurations are supported by electromagnetic charges and scalar fields with different kinds of boundary conditions. We perform our analysis in the canonical ensemble, where we find a first order phase transition for a suitable range of charges and angular momentum. We perform the thermodynamic stability check on the configurations. Using the holographic dictionary we interpret the phase transition in terms of expectation values of operators in the dual field theory, which pertains to the class of ABJM theories living on a rotating Einstein universe. We extend the analysis to dyonic configurations as well. Lastly, we show the computation of the on shell action and mass via holographic renormalization techniques.
INTRODUCTION
It is a well known fact that Anti de Sitter (AdS) spacetime has a stabilizing effect on black hole thermodynamics. The gravitational potential of AdS spacetime acts as box of finite volume, making the total energy of the thermal radiation finite. Black holes can be in equilibrium with radiation at a fixed temperature, realizing a well defined canonical ensemble.
Thermodynamics of AdS black holes is particularly rich and has been extensively studied during the past years due to its relevance in applications of the AdS/CFT correspondence [1] . In the simplest scenario, a thermal gas in AdS collapses into a Schwarzschild AdS black hole for a sufficiently large temperature [2] . This process was interpreted via AdS/CFT as a confinementdeconfinement phase transition in the dual gauge theory [3] . More elaborate systems of black holes coupled to scalar and vector fields have been used in modeling phase transitions such as the superconductor one [4] .
The thermodynamics of static AdS ReissnerNordstrom black holes is well known: in [5, 6] a first order phase transition was found among small and large AdS black holes. The phase diagram has interesting resemblance to the Van der Waals liquid-gas system.
Spinning black holes have attracted, so far, less attention. The analysis of this paper makes some steps towards filling in this gap. The black holes we have observed in the sky have angular momentum and AdS rotating black holes provide a simplified scenario, an ideal playground to study the physics of such black holes. Indeed in Anti-de Sitter spacetime there exist Killing vectors describing rotating frames which have the property of being timelike everywhere, in contrast to the asymptotically flat case. For this reason Kerr-AdS black holes can be in equilibrium with rotating thermal radiation all the way to infinity. We can study the thermodynamics of these configurations in an ensemble of fixed temperature, and relate it to that of the the boundary three-dimensional conformal field theory, which lives in a rotating universe.
The first studies of thermodynamics of rotating AdS black holes in four and five dimensions were carried out by [7, 8] , where the partition function of Kerr-AdS and Kerr-Newman AdS solutions was investigated and compared to that of a conformal field theory living on the boundary. Phase transitions of Kerr-Newman AdS black holes were investigated first by [9] and subsequently the study was extended to higher dimensions, see for instance [10, 11] . Further studies of the thermodynamics and the first law for rotating black holes in Anti-de Sitter were carried out in [12] [13] [14] .
The analysis of this paper focusses on charged rotating AdS 4 black holes with scalar fields and represents an extension of the work initiated in [15] , and elaborated for instance in [16] , regarding phase transitions of AdS black hole solutions of supergravity theories.
The black hole configurations we consider are solutions of N = 2 Fayet-Iliopoulos (FI) U (1)-gauged supergravity in four dimensions (for a review, see [17] ). We deal with solutions of two different models, characterized by prepotentials F = −2i X 0 (X 1 ) 3 and F = −iX 0 X 1 . These models arise as reductions of eleven-dimensional supergravity on S 7 , as found in [18, 19] and [20, 21] . More details on the M-theory origin will follow later in the text.
These rotating black holes were discovered respectively in [22] for F = −2i X 0 (X 1 ) 3 model and recently in [23, 24] for the F = −iX 0 X 1 one. They have spherical horizon topology and are characterized by electromag-netic charges, mass and angular momentum. The neutral scalar field supporting the configuration is genuinely complex and it depends both on the radial and angular coordinate θ. This represents a new ingredient with respect to static solutions considered in [16] , where the axion is consistently truncated and the dependence of the scalar field is only radial.
Anticipating our final results, we find a first order phase transition between small and large spinning black holes when both the charges and the angular momentum are lowered under their critical values. This is reminiscent of what happens for rotating configurations without scalar fields, namely Kerr-Newman AdS black holes [9] .
Moreover, the asymptotic expansion of the scalar field at the boundary gives us information about the expectation value of the corresponding operators in the dual field theory, which belongs to the class of ABJM theories [26] in a rotating Einstein universe. As we will explain later on, we find that the process can be described as a "liquid-gas like" phase transition. The corresponding ABJM-like dual theory is deformed by different operators depending on the boundary conditions satisfied by the scalar field, and this will be a distinguishing feature for the two different models.
As a first example, we consider here the purely electric rotating AdS black holes of [22] . They arise from N = 2 abelian FI (electrically) gauged four-dimensional supergravity with prepotential F = −2i X 0 (X 1 ) 3 . This theory is an abelian truncation of maximal N = 8 gauged supergravity (which arises as a reduction of M-theory on S 7 [18, 19] ) obtained by retaining the U (1) 4 Cartan subgroup of SO (8) . In this model three of the four U (1) gauge fields are identified.
The content of the theory consists of the gravity multiplet and one vector multiplet. After truncating the imaginary part of the complex scalar field, the bosonic Lagrangian reads (see for instance [27, 28] 
In what follows we fix the value of the FI parameters to g 0 = 1/ √ 2, g 1 = 3/ √ 2, hence we get the cosh-potential of [27] and the AdS radius l is fixed to l = 1.
The rotating black hole configuration of [22] is supported by electric charge and purely real scalar. The imaginary part of the scalar is consistently set to zero, furthermore all components of the gauge field A 1 vanish. The rotating configuration with both vector fields and axions turned on remains unknown, while it is known in the static case [23] . Let us mention that, for static magnetic BPS solutions of this model, the microstate entropy counting was successfully achieved in [30] .
The black hole metric can be cast in the form
with
and Ξ = 1 − j 2 . We defined p = j cos θ, q is the radial coordinate, and 0 ≤ θ ≤ π, 0 ≤ y < 2π is the usual range of Boyer-Lindquist coordinates. The dilaton has this form:
where
and s = sinh δ, c = cosh δ. The components of the non vanishing gauge field A 0 read
(5) The solution admits a horizon and surrounding a ringlike singularity at q = 0 for an appropriate choice of parameters δ, j, m. This black hole configuration cannot be supersymmetric for j = 0 [22] . In the static limit j = 0 it reduces to the subset A 1 = 0 of the static electric AdS black holes found in [27] . The latter configurations admit a 1/2 BPS limit retrieved for m → 0, δ → ∞. More details are in [27, 28] .
The extremum of the scalar potential appearing in (1) is at φ * = 0, which is the maximum. The mass of the scalar is m 2 φ = −2, which lies in the interval
where m BF is the Breitenlohner-Freedman mass [29] , which for our model is m 2 BF = −9/4. The asymptotic scalar field expansion [66] is
We have then β = f (α) = κα 2 with a fixed value of κ = −1/ √ 6. This kind of boundary conditions, called mixed boundary conditions, corresponds to a triple trace deformation of the boundary field theory [31] [32] [33] . Mixed boundary conditions were previously considered in [34] , where the authors show that there exist weakened boundary conditions on the metric and scalar fields which are compatible with asymptotic AdS symmetries. Such boundary conditions allow in particular for a well-defined Hamiltonian [35] . Finally, in [36] this study was first applied in the context of AdS black hole thermodynamics.
As a last remark, it is worth noting that the solution satisfy the same mixed boundary conditions as the static one. As we will see later, the boundary conditions on the scalar field will be different for the solution of the model
Thermodynamic quantities
The thermodynamic quantities for the solution described in the previous section have been computed in [22] and we give here a brief summary. The area of the event horizon this gives us the entropy S:
where q h is the radial location of the black hole horizon. The angular velocity of the horizon is
The temperature T is:
One needs to use care in defining the mass for asymptotically Anti-de Sitter spacetimes. A rigorous method is the holographic renormalization procedure, which extracts the mass from the renormalized boundary stress energy tensor. We show explicitly the mass computation via holographic renormalization techniques in the last section of this paper. The mass M is:
This result agrees with the expression obtained with the Ashtekar-Magnon-Das (AMD) [37, 38] formalism, as computed in [22] . The angular momentum of the rotating black hole is computed as the Komar integral relative to the asymptotic Killing vector k = ∂ φ , and it reads
The total electric charge is given by Q 0
and the electrostatic potentials assume this form:
The conserved charges we have defined in this section satisfy the first law of thermodynamics [22] 
where π Λ are the magnetic charges and χ Λ are the associated magnetostatic potentials (which are set to zero in the solution described in this section). The quantity Ω appearing in (16) is defined as
namely it is the difference between the angular velocity at the horizon and at infinity [9] . Such angular velocity Ω act as chemical potential for the angular momentum of the fields in the dual field theory. For the solution described in this section, ω ∞ = 0, because the coordinates used are asymptotically static. Hence Ω = ω h .
Thermodynamics
As we mentioned already, Anti-de Sitter black holes can be in equilibrium with thermal radiation, therefore we choose an ensemble of fixed temperature. We will furthermore work first in an ensemble of fixed charge and angular momentum, namely we work in the canonical ensemble [67] . Our analysis will concern phase transitions between rotating single-centered configurations.
In order to see if a phase transition can arise, we need to investigate if there are multiple configurations with the same fixed value of temperature, charge and angular momentum. If there are different branches, the one characterized by lowest free energy will dominate the ensemble. To see this we plot the temperature as a function of the entropy for fixed angular momentum and charges (Plot 1).
It turns out that there is a region of parameters {Q 0 , J} for which three different black hole configurations with the same temperature, angular momentum and charge T, J, Q 0 exist: see for example the blue line in Fig. 1 . As usual we denote them as small, medium sized and large black holes, depending on the value of the area of the event horizon. In this regime a first order phase transition arises: the plot of the Helmoltz free energy F
in function of the temperature in Fig. 2 shows a discontinuity in the first derivative around T = 0.285. For the parameters corresponding to the orange and green lines in Fig. 1 the free energy is instead a monotonically decreasing smooth function of T , hence no transition occurs.
The process involves small black holes turning into large ones upon increasing the temperature T . Medium sized black holes have always higher free energy, therefore they never dominate the ensemble. We find an upper bound for the angular momentum in order for the phase transition to take place:
No phase transition arises if J > J c . If instead J is lowered below J c there is a range of charge Q 0 for which the phase transition arises. Sampling the space of parameters, we found however no upper bound on the value of Q 0 , namely even for large values of Q 0 a phase transition takes place if we sufficiently lower the angular momentum [68] . This is somewhat different with respect to what happens in the case of the Kerr-Newman AdS black hole studied in [9] . An upper bound for both charge and angular momentum was found there. Sampling numerically the space of parameters, we could see that there are no multiple configurations for T = 0, hence in this ensemble there is no quantum phase transition among extremal black holes. Furthermore, we fixed here the AdS radius to l = 1 in order to simplify the computations, but one can ask what is the effect of the variation of the cosmological constant on the critical value of the charges and angular momentum. As found in [5] , an increase of the cosmological constant corresponds to a decrease in the critical value of the charge. We expect that the same considerations hold for configurations with scalars, and it would be interesting to verify this in our case.
We furthermore checked the thermodynamical stability of the various black hole branches by computing the specific heat at fixed charge and angular momentum
Medium sized black holes have negative specific heat and hence they are unstable. As expected, small black holes and large ones are always stable (see Fig. 3 ). Let us conclude this section with two observations. In the process we have described the area of the event horizon increases. On the other hand, one can also verify that the angular velocity at the horizon ω h decreases through the phase transition. This is reminiscent of what happens in rigid bodies due to conservation of angular momentum: the angular velocity decreases upon increasing the moment of inertia of the black hole.
Secondly, there is one caveat to our analysis. We have investigated the thermodynamical stability of the configurations, but a more thorough investigation of their stability (e.g. mechanical stability) is needed. As an example, let us mention the question of superradiance for black holes with angular momentum (see for example [42] and references therein). Indeed, in cosmological EinsteinMaxwell theories it was proven that small rotating AdS black holes suffer from superradiance [43, 44, 47] , hence they are unstable. Including the analysis of superradiant instability (along the lines for example of [45, 46] ) would be important in order to understand the true nature of the phase transition here discovered. This analysis is beyond the scope of this work and we leave it as a future direction. and the large ones (s > 0.1) have positive specific heat, while for the medium ones CS is negative. At the turning points the specific heat diverges.
Dual field theory interpretation
As we mentioned already, the model comes from reduction of M-theory on S 7 . Explicit uplifts for static black holes were constructed in [25] and the uplifted configurations are interpreted in eleven dimensions as the decoupling limit of spinning M2-branes.
We now interpret the phase transition we have found in the gravity side in the dual field theory, which is a three dimensional superconformal Chern-Simons field theory belonging to the class of ABJM models [26] , in presence of non vanishing chemical potentials for electric charges and angular momenta. Due to the presence of mixed boundary conditions β = κα 2 on the scalar field, the ABJM action S ABJM is characterized by a triple trace deformation of the form
where O 1 is an operator of order one [31, 32, 48] . The deformation is therefore marginal. Example of such operators are bilinears of boundary scalars Φ transforming under the global R-symmetry group,
, where a is a constant matrix [32] . In our case, the parameter κ is fixed to be κ = −1/ √ 6 for all configurations. The holographic dictionary in presence of mixed boundary conditions was developed in [33] , where it was found that mixed boundary conditions enforce a multitrace deformation of the field theory dual to the Neumann boundary conditions. The source of the deformation is set to zero for every solution satisfying β = κα 2 , and α is the expectation value of the operator O 1 , O 1 = α . We therefore take α as order parameter for the phase transition, and we plot it as a function of the temperature in Fig. 4 . In analogy with [16] there is a different behaviour in the two different regimes above the critical values of the charges and angular momentum, and below. Below the critical values the phase transition manifests itself in the dual field theory as a liquid/vapor -like transition, like what happens for static magnetic black holes [16] .
Since the expectation value α is never zero, Rsymmetry is always broken, for any finite temperature. This is in contrast with the situation of the holographic superconductor phase transition: in the superconductor case the operator O 1 acquires a nonzero expectation value only below a certain temperature and the phase transition manifests itself as spontaneous breaking of a global U (1) symmetry. In the first case (top), we are outside the critical region hence there is no phase transition: α is a monotonic decreasing function of the temperature T . In the second case (bottom) the parameter α exhibits a "wiggle", typical of a liquid-gas like phase transition. The dashed line denotes the temperature at which the phase transition arises. We notice here that Maxwell's construction for determining the temperature of the phase transition does not hold. Indeed there are examples where the area bounded by the dashed line and the blue curve on the right-hand side is not equal to that on the left hand side.
ROTATING BLACK HOLE SOLUTION OF THE
We consider the rotating purely magnetic AdS black holes of [24] arising from N = 2 abelian FI (electrically) gauged supergravity with prepotential F = −iX 0 X 1 . This model is a truncation of N = 4 SO(4) gauged fourdimensional supergravity, which was obtained by KaluzaKlein reduction of D = 11 supergravity on S 7 in [20, 21] . In the static limit, these configurations arise as M-theory membranes wrapping holomorphic curves of Calabi-Yau threefolds [21] .
Again we consider the gravity multiplet and one vector multiplet. The bosonic Lagrangian is:
where the complex scalar is denoted by τ . The vector kinetic matrix is of this form:
and it requires Reτ > 0. The functions R ΛΣ and I ΛΣ appearing in the action (22) are respectively the real and imaginary part of the kinetic matrix N . Given the electric gauging with FI parameters g 0 and g 1 , the scalar potential is
which admits a maximum at the value τ =τ = |g 0 /g 1 |.
The black hole solution is characterized by this metric:
where 0 ≤ θ ≤ π and 0 ≤ φ < 2π. The functions ∆ θ and Ξ are defined as
The real parameters j and ∆ are related respectively to the angular momentum and the mass (alternatively, the scalar hair) of the black hole, in a way that we will soon specify. The parameter l is the AdS radius. The gauge fields are magnetic
The constants P Λ are proportional to the magnetic charges π Λ :
The polynomial Q(q) appearing in (25) is given by
with:
The scalar field τ is complex, with both non vanishing imaginary and real part, and with nontrivial dependence on the radial and angular coordinates q and θ:
The solution in total depends on the two FI parameters g 0 and g 1 , which we consider as input parameters of the theory, and on the four parameters P 1 , P 0 , j, ∆ representing the conserved charges associated with the black hole: two magnetic charges, angular momentum and mass.
Notice that for g 0 P 0 = g 1 P 1 and ∆ = 0, the parameter a 1 can be arbitrary: the scalar field is constant and the solution reduces to the Kerr-Newman-AdS solution with magnetic charge. On the other hand, for zero rotation parameter, j = 0, (57) boils down to the static nonextremal black holes with running scalar constructed in [49] . Furthermore, the BPS rotating solution [50] is recovered for
whose static limit [51] can be found by setting j = 0. Both static and stationary BPS limits correspond to naked singularities. The solution presented here admits a horizon shielding the singularity for a suitable choice of parameters, and in that case it represents a rotating AdS black hole. The location of the horizon is given by the largest root of the quartic equation Q(q) = 0. The location of the singularity depends on θ [69] : it is located at
We recall here that the presence of the scalar field accounts for the parameter ∆ and the (constant scalars) Kerr-Newman AdS solution is retrieved for ∆ = 0. Before concluding this section, with an eye on the AdS/CFT description, let us look at the boundary. Taking now the asymptotic form of eq. (2), we see that the boundary metric approaches the form
This is not the standard metric on R × S 2 , due to the fact that there is a non-zero angular velocity at infinity ω ∞ . The metric in square bracket is that the Einstein space R × S 2 seen by a rotating frame of reference. The coordinate change
brings the boundary in the standard form R×S 2 up to the conformal factor Ξ cos 2 θ/ cos 2 θ . Hence the boundary metric in (35) is conformal to the standard boundary of four-dimensional AdS space. More details can be found for instance in [13, 14, 52] .
Thermodynamics quantities and scalar asymptotics
For simplicity from now on we fix the FI parameters g 0 = g 1 = 1/2, so that the AdS radius is one. Our solution is supported by a complex scalar field τ and the scalar potential (24) of the model admits a maximum for
At this extremum the value of the potential is V * = −3 = Λ, where Λ is the cosmological constant. We define
The fields χ and ϕ are eigenmodes of the Hessian, and their mass is
Once again the mass eingevalues lie both in the interval − 9 4 < m 2 < − 9 4 + 1 allowing for both choices of quantization.
We have the following asymptotic boundary expansion[70] (q → ∞) for ϕ :
The parameters α and β are independent of the angular coordinate θ: the dependence of the scalar field on θ starts at order q −3 . The second eigenmode χ has the following boundary expansion:
We see that there is no order q −1 mode, and the coefficient γ depends explicitly on the variable θ. Anticipating the discussion of the next sections, we see that there is no source term in this case, but nevertheless there is a nonzero expectation value for an operator of dimension two. The latter depends on the angular variable and therefore spontaneously breaks rotational invariance in the boundary.
Let us now discuss the thermodynamic quantities. We refer to [24] for details. Denoting once again the radial coordinate of the event horizon by q h , entropy and temperature read
while the angular velocities of the horizon ω h and at infinity ω ∞ are respectively
The mass M and the angular momentum have the following expressions
The magnetic charges are defined in (29) and the magnetostatic potentials assume this form [24] :
where the matrix η = 0 1 1 0 , and there is no summation over Σ in the last term. These quantities satisfy the Christodoulou-Ruffini mass formula as explained in [24] . The conserved charges we have defined in this section satisfy the first law of thermodynamics (16) . Moreover, we verified that they also satisfy the Smarr relation, which will be useful later in simplifying the computation of the free energy. The Smarr relation reads
where the cosmological constant Λ is defined as Λ = −3/l 2 , and
The quantity Θ tv is called "thermodynamic volume" and it corresponds to the spatial volume inside the black hole horizon [39, 40] . The cosmological constant acts as a pressure on the system and it is the variable conjugate to Θ tv . We will not consider variations of Λ in the first law, which for us reads as is (16) .
Thermodynamics and phase transitions
We choose to analyze the thermodynamics of the black solutions described above in the canonical ensemble. The supergravity model is characterized by electric gauging, hence the fermions of the theory are electrically charged under the gauge group U (1) × U (1). The total magnetic charges π 0 , π 1 of the black hole should then remain fixed, unless we assume the presence of other solitonic solutions that could carry away the magnetic charge from the black hole, or of multiple center configurations. We will not take this possibility into consideration and our analysis will concern phase transitions between rotating singlecentered configurations. As we did in the electric case, we keep the total angular momentum J fixed as well.
We provide plots for various sets of parameters [71] . J, π 0 and π 1 in Fig. 5 . Similar to the electric rotating black holes analyzed previously, for a certain set of charges {π 0 , π 1 , J} three different black holes coexist (the blue line in Fig. 5 ), and the plot of the free energy F as (18) in function of the temperature in Fig. 6 shows again a first order phase transition between small and large configurations. Determining the exact region of parameters {π 0 , π 1 , J} for the phase transition to arise is a daunting task given the complicated form of the solution. Of course, one can sample numerically the full region of parameters in the most general case, namely for all π 0 , π 1 , J unconstrained. We refrain to do that but we provide some results in the simplified case when one of the charges is kept at a constant value. For instance, when we keep π 0 = 10 fixed, there are maximal values π no phase transition can arise one of the charges, either π 1 or J, is greater than the respective maximal value:
On the other hand, the phase transition occurs if both charges are lowered below these values:
while a case-by-case evaluation is needed for the intermediate values (e.g. 0.33 ≤ π 1 ≤ 0.44, 2.55 ≤ J ≤ 3.75) of the charges.
The specific heat, computed as in (20) is positive for large and small black holes, negative for the medium ones, and its behavior in function of the entropy is qualitatively similar to the one found in Fig. 3 .
Dual field theory interpretation
We would like now to interpret the phase transition we have found in the gravity side in the dual field theory. The latter belongs to the class of ABJM models deformed by the insertion of operators with dimensions ∆ = 1, 2 and with background magnetic field. With reference to the analysis of the previous subsections, we consider the asymptotic behavior of each of the two scalar eigenmodes in eq. (40) - (41) and (42) - (43) .
We now proceed to the study of the scalar boundary conditions allowed in our system, in light of the results of [53, 54] . There it is shown that holographic renormalization acts as a canonical transformation: the boundary counterterms necessary for a well defined variational principle (and for the removal of divergences) are such that the symplectic map φ * of the modes is diagonal. The symplectic map φ * (defined in Section 3 of [53] ), relates the variables ϕ, χ and the canonical momenta in the radial direction
to the space of asymptotic solutions, namely to the parameters we called α, β, ι, γ in the previous sections. Given that the kinetic terms for the scalars in our case are non-canonical, one could expect mode mixing: all four parameters α, β, ι, γ could in principle appear in π ϕ and π χ . In other words, the field/mode map might not diagonal. Since Dirichlet or Neumann boundary conditions must be imposed on the modes that make φ * diagonal, we need to make sure we are working with the correct eigenmodes.
In what follows we show that if we chose the parameterization (38) , φ * is indeed diagonal, hence we can correctly impose Dirichlet and Neumann boundary conditions on χ and ϕ. We work now in full generality, without reference to any particular solution of the equations of motion. We will use only the asymptotic expansion of the scalar fields ϕ and χ (which we recall have mass m 2 = −2). The asymptotic expansion at r → ∞ of the fields and the related momenta reads:
For the sake of comparison, what we called here α gen and β gen are identified with φ (0) and φ (2∆−d) of [53] . The field χ and its momentum read
We see that π χ depends on the two modes ι gen , γ gen ∈ R and there is no mixing. We can then can use the procedure of [53] (see also [54] ) and add a canonical counterterm S ct (69) which makes the symplectic map diagonal, giving
and
We can then impose Neumann BC setting to zero the second one of the modes, namely β gen = 0. We can decide moreover to impose ι gen = 0 which enforces Dirichlet boundary conditions on χ.
Comparing the general asymptotic expansion with that of our exact black hole solution we can read off the boundary conditions. Indeed in our case, due to (40)- (41), we have β gen = 0, α gen = α = √ 2∆ and due to (42)- (43),
Since the mass lies in the range (6), we are allowed to choose the alternative quantization for the field ϕ. Therefore α is expectation value of an operator O 1 of dimension one. The source β is set to zero. We can then consider α as order parameter of the phase transition, and we plot it as a function of the temperature. In analogy with [16] there is a different behaviour in the two different regimes above the critical values of the charges and angular momentum, and below. The graphs resemble qualitatively those in Fig. 4 , this we do not report them here.
The new ingredient of the analysis at this point is γ, asymptotic mode relative to the scalar χ, corresponding to the expectation value of an operator O 2 of dimension two. We can make 3D plots of the value of the coefficient γ, in order to display its dependence on the temperature and θ. As usual, we compare the two cases, the regime in which at least one of the charges J, π Λ is above its critical value (Fig. 7) and that relative to charges smaller than their critical values (Fig. 8) . The behaviour of γ in Fig. 8 assumes a more complicated form. Nevertheless, for fixed θ slices the shape resembles the one of Fig. 4 , namely it denotes a liquidgas phase transition. Through the phase transition, the black hole hair decreases in absolute value in the southern hemisphere (0 < θ < π/2) while it increases in the northern one. That is a new feature of the phase transition that we have found here. Notice that there is no change in order parameter at the equator, where γ = 0 always. For a positive value of the angular momentum J the phase transition still happens, and the plot of γ is reversed, namely the black hole hair increases in the southern hemisphere and it decreases in the northern one. Since γ depends on the angular variable, it breaks rotational invariance in the boundary. A similar situation, where translational symmetry is spontaneously broken in the boundary due to spatially modulated instabilities in the bulk, is described for instance in [62] .
It is worth noting at this point that, depending on boundary conditions satisfied by the scalar field, the phase transition manifest itself in the expectation value of different operators in the dual CFT, if we compare the cases F = −2 X 0 (X 1 ) 3 (triple trace deformation) and F = −iX 0 X 1 (insertion of operators of dimension one and two). It would be interesting to find a deeper meaning of this phenomenon in the dual field theory. Of course, the fact that we are able to find analytically only configurations with certain boundary conditions for a given model might be due to our limitations in engineering a suitable ansatz [72] . It would be interesting to see if a numerical investigation could unveil new solutions with different asymptotic scalar behaviour. Since the solutions treated here admit supersymmetric limits, we can are lead to think that the deformations of the ABJM models described here preserve supersymmetry. However, we cannot rule out the existence of more general black hole configurations which correspond to other deformations, which might break supersymmetry.
Before concluding this section, let us spend a few words about the singular limit |j| → l. It was first shown in [24, 63] that this limit correspond to a configuration characterized by noncompact horizon of finite area. The event horizon in this case as a surface of revolution in R 3 looks like an oblate sphere with two antipodal spikes, extending all the way to infinity (see Fig. 1 of [24] ). The entropy of the solution is finite and the temperature is as
well. An interesting feature of this configuration is that it does not satisfy the Reverse Isoperimetric Inequality, therefore it corresponds to "super-entropic" states [55] . The mass M and the angular momentum J are related by the chirality condition M = −J/l 2 , which might be a hint of the underlying chiral microstate structure in the dual field theory (more details in [63] ). Regarding the study of the thermodynamics in the canonical ensemble, keeping both J and j fixed corresponds to choosing a particular value for ∆. Hence for a given set of charges just one configuration exists and no phase transition can arise: it seems then that the angular momentum is too large for the solution to undergo such process. It would be interesting to investigate if any instability arises for other choices of ensemble other than the canonical one.
Addition of electric charges
In this section we describe the black hole solution obtained by adding electric charges to the magnetic configuration (keeping the NUT charge to zero). It has this form
with ∆ θ and Ξ defined as in (26) . The vectors fields are given by
The function Q(q) is defined as in (30) and contains the parameters:
Finally, d is given by:
This configuration corresponds to the solution of [23] obtained by setting the NUT charge parameter to zero. In total the configuration is parameterized by 8 real parameters, g 0 , g 1 , P 0 , P 1 , Q 0 , Q 1 , ∆ and j, corresponding to the FI terms (that determine the value of the cosmological constant), 4 electromagnetic charges, mass and angular momentum.
In this case the scalar field has the following asymptotic behaviour:
We see from here that the dependence on the angular variable p is already present in the q −2 term of the eigenmode ϕ. The presence of dyonic charges manifests itself also in the presence of a nonzero term ι in the expansion of the second scalar eigenmode χ.
Notice that, in particular, taking again g 0 = g 1 = 1/2, switching off either both electric charges Q 0 = Q 1 = 0 or switching off both magnetic charges P 0 = P 1 = 0 enforces ι = β = 0, which is the case studied previously. The same scalar boundary conditions are found here also by setting
To sum up, either having charges of the same nature (either all electric, or all magnetic in the symplectic frame considered) or charges that satisfy (66) are the conditions leading to boundary conditions (41)- (43) for the scalar fields. We can impose then Dirichlet boundary conditions on χ and Neumann on ϕ, as before, so that the black hole configurations can be compared as states in the same theory with zero source. We have verified that for all these cases the T − S and F − T plots assume the same qualitative for as Figs. 5-6, hence a phase transition takes place.
The allowed boundary conditions for the thermodynamic quantities like the mass to be well defined were studied in [23] . There it was found that for this particular model the symplectic structure is conserved, hence a hamiltonian is well defined, for all sets of charges (while examples of models where this is not true can be found in [56] ). The explicit computation of the on-shell action and mass via holographic renormalization in the simple example of purely magnetic configuration is treated in appendix.
Given the boundary conditions that we have found in the previous sections, we can compute the on shell action and conserved charges for the black hole configuration via holographic renormalization. We follow the conventions of [33] , where the necessary counterterms were identified. After describing the general form of the canonical counterterms, we spell out in detail the computation for the F = −iX 0 X 1 . We start from the action S = S bulk + S bdary , where
The last two terms are function of the boundary 3d metric h ab , and consist of the Gibbons-Hawking boundary term and the canonical counterterm S ct [73] .
The Gibbons-Hawking term is a function of the extrinsic curvature Θ µν computed as
where n µ is the unit vector normal to the boundary (which in our case is located at q → ∞) [74] . The term S ct is the ordinary counterterm obtained via the HamiltonJacobi procedure:
where the quantities h ab and R ab denote the metric and Ricci curvature of the boundary ∂M . Once again we set l = 1. The superpotential W appearing in (69) satisfies this relation:
where i, j are indices referring to the real scalar fields of the theory under consideration (ϕ and χ, in our case). This equation can be expanded around in double series in ϕ and χ around zero, and by coefficient matching one can read off the expansion of the superpotential. From now on we report the explicit computation for the solution of the model F = −iX 0 X 1 . The expansion of the superpotential reads:
The two choices in W are related to the dimensions ∆ ± of the operators dual to the corresponding fields of mass m 2 = −2, hence ∆ + = 2, ∆ − = 1, as was noticed for example in [59] . The holographic renormalization procedure prescribes the use of the superpotential W − as canonical counterterm [33, 60] . Indeed, only a superpotential of this form is suitable for removing the divergences from the action. Therefore when using formula (69) we will take W = W − . We are going to compute first the free energy, then mass and angular momentum, and we express the renormalized on-shell action in terms of the other conserved quantities (18) .
The use of the Einstein's equations of motion allows us to rewrite the bulk on shell action as
We regularize at the boundary, by imposing a radial cutoff q 0 . The integration on the radial variable q is then performed with extrema q 0 and q h , radius of the event horizon. Integration of the first term of (72) gives a contribution of
where β t arise from the integration over the time coordinate. The second term gives a finite term which is
The counterterm action gives the following contribution:
hence the total action is free from divergences and it assumes the following form:
We now turn to the computation of the conserved charges, which are extracted from the stress-energy tensor τ
For any Killing vector field ξ a associated with an isometry of the boundary 3-metric, we can define the conserved quantity
where Σ is the spacelike section of the boundary metric. The computation of τ ab gives
where we neglected terms quadratic in R ab because subleading when q → ∞. Using (78) the renormalized stressenergy tensor turns out to be
hence the mass is
in agreement with the result of the AMD procedure. Given the expressions for the other conserved charges (29) , potentials (47), (17) and thermodynamics variables (44) we see that the on shell action coincides with
as expected for magnetic configurations, see for instance the discussion in [64] . We perform a Legendre transform with repect to Ω in order to keep the angular momentum fixed, obtaining the Helmholtz free energy (18) used in the thermodynamics analysis.
As a last remark, we would like to point out that for our purposes if was sufficient to know the expansion to second order of the superpotential W. Alternatively, we could have used the exact superpotential driving the flow of the scalar field in the static case, in this way ϕ = ∂ ϕ W f low . The latter is known for the static J = 0 solution [49, 51] :
Obviously the expansion at second order of (83) gives exactly W 11 , so the use of this counterterm leads to the same conserved charges. The holographic renormalization for the electric configurations proceed in the same way as we just did, except for the fact that the presence of mixed boundary condition on the scalar field prescribes the addition of a finite counterterm, along the lines of [33, 61] . Such counterterm can be reabsorbed in the canonical counterterms if we use the correct superpotential, namely the one that correctly drives the flow of the scalar fields in the static case. Such superpotential is:
We do not report the full computation here, but further details about the procedure for static black holes can be found in [61, 65] .
